On Kleinbock's Diophantine result 

by Nicky MoshchevitinQ 

Abstract. We give an elementary proof of a recent metrical Diophantine result by D. Kleinbock related 
to badly approximable vectors in affine subspaces. 

1. Definitions and notation. Let M.'^ be a Euclidean space with the coordinates {xi, ...,Xd), 
let ]R'^+^ be a Euclidean space with the coordinates (xq, xi, ...,Xd). For x G M*^ or x G M'^"'"^ we denote 
^ ■ by |x| its sup-norm: 

O ' 1^1 = max \xA or Ixl = max 

^ Consider an affine subspace A gM.^ and define the affine subspace A G W^^^ in the following way: 
=3 



OO 



^ = {x = {l,xi, ...,Xd) : (xi, G A}. 

Let B be another affine subspace such that B C A. Define 

B = {x= {l,xi,...,Xd) ■■ (xi, ...,Xd) e B}, Be A. 



^ ; Put 

^ • a = dim A = dim A, b = dim B = dim B. 

We define linear subspaces 

21 = span A, 05 = span B 
as the smallest linear subspaces in R''"'"^ containing ^ or i3 respectively. So 

in ■ dim2l = a + l, dimQ5 = 6+l. 

^ ' Let ipiT), T ^ 1 be a positive valued function decreasing to zero as T +oo. We define an 

' affine subspace B to be ip -badly approximable if 
O ' 

inf I — ^ inf |x - y| 1 > 0. (1) 



XI : xGZd+l\{0} yV^(|x|) 



This definition is very convenient for our exposition. 

Here we would like to note that in the case when the affine subspace B has zero dimension (and 
hence B = {w} consists of just one nonzero vector w = {wi, ....,Wd) G M*^) the definition ([I]) gives 

inf ( — ^ inf |x-tw*| ) > (2) 
xeZ'*+i\{o} VV^d^l) / 

with w* = {l,wi, ...,Wd)- Inequality ((21) is equivalent to the condition that there exists a positive 
constant 7 = 7(w) such that 

max I liUjxl I ^ 7 ■ Va;GZ\{0} (3) 

(here || ■ || denotes the distance to the nearest integer). The condition ([3]) is a usual condition of 
ip-had\j simultaneously approximable vector. This is an explanation our definition ([T]). 
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In the sequel we consider two positive decreasing functions ilj{T),(p{T) under the conditions 



¥?(r) ^ ij{T), hm ij{T) = 0. 

T — i-+oo 

For these functions and 1 define 

iR)_f T y-" ,i^R) _ ( v{RT)y f ^{R{T + i)) Y 

- UiRT)) ' ~\ T J [ T + 1 J ■ 

2. The result. Now we are ready to formulate the main result of this paper. 
Theorem 1. Let R ^ 1. Suppose that B G A are affine subspaces and 0^6 = dimi? < a = 

dim A ^ d. Let B be a ip-badly approximable affine subspace. Suppose that ^{T) ^ ^(7") and the 
series 

T=l 

converges. Then almost all (in the sense of Lebesgue measure) vectors w E A such that |w| ^ i? are 
ip-badly approximable vectors. 

We consider a special case 6 = and ^'{T) = T~^^'^. Then V'-badly approximable vectors w are 
known as simultaneously badly approximable vectors (see |T], Chapter 2). Take 

^(r) = V^(T)-(logT)-^. 

In the case 

A>i 

a 

the series ([4]) converges. So we have the following 

Corollary 1. Consider an affine subspace A C M°'. Suppose that there exists a badly approximable 
vector w G A. Suppose that A > Then almost all vectors from the subspace A are j^jd^^^^j^ -badly 
approximable vectors. 

Here we should note that in the case 6=1 and ip{T) = T^^^^ such a result was obtained recently 
by Dmitry Kleinbock (see [2], Theorem 4.2) by means of theory of dynamics on homogeneous spaces. 

3. Proof of Theorem 1. Given i? ^ 1 it is enough to prove that almost all vectors 
w = {l,Wi, ...yWd) G A such that \wj\ ^ R are v?-badly approximable in the sense of the definition 
(111). In the sequel we do not take care on the constants. All constants in the symbols x may 
depend on d, subspaces A, B and R. 

For a set C!^ C M'^"'"^ and a point x G R'^^^ we define the distance |x|^ from x to C by 

Ixirt- = inf |x-y|. 

Consider the set 

= {z G M"'+^ : ^ ^0 ^ ^, max \zj\ ^ RT, |z|m ^ 7 ■ ^(i?T)} 

where 7 > is a lower bound for the infimum in ([T]). As i? is a ^/'-badly approximable subspace we 
see that 

n z-^+i = {0} 

(we use the definition ([T])). Now we observe that any translation of the 1/2-dilated set 

^■fir + c, cgM'^+^ (5) 
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consists of not more than one integer point. Indeed if two different integer points x, y belong to the 
same set of the form ((51) then 7^ x — y G Qt- This is not possible. 
Consider the set 

Ut = {ze M'^+^ : O^Zo^T, max \zj\ < RT, |z|of ^ v{RT)}. 

As ip{T) ^ ip{T) we see that this set can be covered by not more than uj- <^ /i^^ different sets of the 
form ([5]). So we deduce a conclusion about an upper bound for the number of integer points in 11^: 

# (n^ n z'^+i) < /ii^'^ (6) 

For an integer T ^ 1 we consider the set 

7d+l 



Zrp = {z = {zo, Zi, z^) G Z : Zq = T, max^ \zj\ ^ i?T, jzl^j^ ^ (p{RT)} 

4^) = #Zt, ^ 4"^^ < (7) 



of the cardinality 



For p > and z G M'^+^ put 

il,(z) = {y G : |z - y| ^ p}. 

Consider the set 

Ht = [jii^(RT)iz) 
z 

where the union is taken over all integer points z such that 

Zq = T, max \zj\ ^ RT, ii^tjiT)^^) fl 21 7^ 0. 



Clearly 

Consider the cone 
and the projection 
Consider the series 



Ht = IJ il<^(KT)(z) 

0T = {x G R'^+^ : X = t ■ y, t G M, y G ilr} 

UT = An 0T- 

+00 



y^meSgZ^r (8) 

T=l 

where meSa stands for the a-dimensional Lebesgue measure. By the Borel-Cantelli lemma arguments 
Theorem 1 follows from the convergence of the series (JH]). 

Note that the set Ht is a union of not more than Cj^'' balls (in sup-norm) of the radius (f{RT). 
Hence the set Ut C A can be covered by not more than balls of the radius (p{RT)/T. So in 
order to prove the convergence of the series ((HI) one can establish the convergence of the series 



T=l 
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It follows from (I6|) that 

Now the convergence of the series ([9]) follows from the convergence of the series ([4]) by partial 
summation as from (JT]) we see that 

4"'-( ^'^f^;'" )°«(^Wr + i))r^o. T^+oo, 

Theorem 1 is proved. 
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